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Abstract. In this paper, we present new generating functions which are related to 
gr-Euler numbers and polynomials of higher order. From these generating functions, we 
give new identities involving g-Euler numbers and polynomials of higher order. 



§1. Introduction/ Preliminaries 

Let C be the complex number field. We assume that q E C with \q\ < 1 and 
the g- number is defined by [x]q = in this paper. The g- factorial is given by 

[n]q! = [n]g[n — l]g ■ ■ ■ [2]q[l]q and the g-binomial formulae are known that 

n n y \ 

{x:q)r. = \[{l-xq^-^)=Y,[-) (see [3, 14, 15]), 

i=l j=0 ^ ^ 9 



and 



n ir^) = £ ("^i ') p. 5. 14, 151), 



where (") 



l! _ [n]q[n-l]q---[n-i+l]q 

! \i] .. I Til .. I 



The Euler polynomials are defined by ^rqiY^^* ~ Xl^o -^"(''^)75T' 1^1 ^ ^- 
special case x = 0, En{= En{0)) are called the n-th Euler numbers. In this paper, we 
consider the g-extensions of Euler numbers and polynomials of higher order. Barnes' 
multiple Bernoulli polynomials are also defined by 

(1) 



fr 27]- 

^xt _ \ Bn(x,r\ai, ■ ■ ■ ,ar)— Ti where \t\ < max — r, (see [1, 14]). 
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In one of an impressive series of papers (see [1, 6, 14]), Barnes developed the so-called 
multiple zeta and multiple gamma function. Let oi, • • • ,aN be positive parameters. 
Then Barnes' multiple zeta function is defined by 

CN{s,w\ai,- ■ ■ jGn) = ^ (w + miaiH hmArajv)"*, (see [1]), 

mi ,mN=0 

where 3ft(s) > A^, 3?(w) > 0. For m G we have 

CN{-m,w\ai, - ■ ■ ,aAr) = 7—— ^-BN+miw, N\ai, ■ ■ ■ ,aAr). 

(iV + m)l 

In this paper, we consider Barnes' type multiple g-Euler numbers and polynomials. 
The purpose of this paper is to present new generating functions which are related 
to g-Euler numbers and polynomials of higher order. From the Mellin transformation 
of these generating fimctions, we derive the q-extensions of Barnes' type multiple 
zeta functions, which interpolate the q-Eulei polynomials of higher order at negative 
integer. Finally, we give new identities involving gf-Euler numbers and polynomials of 
higher order. 

§2. Q'-Euler numbers and polynomials of higher order 

In this section, we assume that q E C with |g| < 1. Let x,ai, . . . , be complex 
numbers with positive real parts. Barnes' type multiple Euler polynomials are defined 

by 



2^ 7j- 
•^2) TT^ / a t ,^\ ^''* = J2^n\x\(^u--- '«r)-7, for \t\ < m^ -— , (see [6]), 



f 

tJ:^\x\ai, ... ,ar; 

Lj = iv^ ' n=0 

and El{\ai,... ,a,)(= eI:\o\ ai, . . . ,ar)) are called the n-th Barnes' type multiple 
Euler numbers. First, we consider the g-extension of Euler polynomials. The g-Euler 
polynomials are defined by 

00 ,^ 00 

(3) F,{t,x) ^Y,En,,{x)- = [2], ^(-g)-e["^+-]^*, (see [8, 11, 13, 14, 15]). 



n=0 m=0 



From (3), we have 



''-'^^^^-(l-,)'^^l,/J(l + ,^+i 



In the special case x = 0, En^q{= En^q{0)) are called the n-th g-Euler numbers. Prom 
(3), we can easily derive the following relation. 

Eo^q = 1, and q{qE + 1)^ + En,q = if n > 1, (see [8, 16, 17]), 

2 



where we use the standard convention about replacing E'' by Ef.^q. It is easy to show 
that 

2 °^ 

lirn F,{t,x) = ^— e^* = J2En{x)^, (see [2, 3, 19-23]), 
q^i e + i — nl 



n=0 



where En{x) are the n-th Euler polynomials. For r e N, the Euler polynomials of 
order r is defined by 



(4) e- = 5:^M(.)-, for|t|<.. 

^ ^ n=0 

Now we consider the gf-extension of (4). 



OO OC 



mi,... ,mr-=0 n=0 



where En}q{x) are called the n-th qf-Euler polynomials of order r (see [10-15]). From 
(5), we can derive 

By (5) and (6), we see that 

(7) i^i^n^,^) = [2]^ E + ^)(-g)-e[-+-l^*. 

m=0 V / 



Thus, we note that hmg^i Fq'\t^x) = (^^tqix) ~ ^n=o ^^\^)^- special 

case x = 0, En,l{= En]j{0)) are called the n-th g-Euler numbers of order r. By (5), 
(6) and (7), we obtain the following proposition. 

Proposition 1. For r e N, let 



F^''\t,x) = [2]l E (-g)"^i+-+^'^e["^i+-+^'^+^]«* = Yl ^nl{ 



IX) — , 

n! 

mi,...,mT.=0 n=0 



From the Mellin transformation of Fq'\t, x), we can derive the foUowing equation. 

^_g^miH ^rrir 



— / FW(-t,x)t-Mt=[2]^ J2 



^ ^ " mi,...,mr=0 ■'^ 



oo 



(8) =p];E('"^:"'V-«r ' 



m J [m + x]*' 



m=0 ^ ^ L ' Jq 



where s e C, a: 7^ 0, —1, —2, .... By (8), we can define the multiple g-zeta function 
related to g-Euler polynomials. 

Definition 2. For s E C, x E M. with x ^ 0, —1, —2, . . . , we define the multiple q-zeta 
function related to q-Euler polynomials as 



00 



Cr{s,x) = [2]i y , ^ ' ' . 

mi,... ,vnr=0 ^ 



"ii H 



Note that C?,r('5, a;) is a meromorphic function in whole complex s-plane. From (8), 
we also note that 



{m^x\% 



m=0 ^ ^ L ' Jg 

By Laurent series and the Cauchy residue theorem in (5) and (8), we see that 

C,(-n,x)-i?(';^(x), forneZ+. 
Therefore, we obtain the following theorem. 

Theorem 3. For r e N, n e Z+, and a; e R with x 0, —1, —2, . . . , we have 

C,{-n,x)^Ei[l{x). 

Let X be the Dirichlet's character with conductor / G N with / = 1 (mod 2). Then 
the generalized ^-Euler polynomial attached to x ^ire considered by 

00 ,^ 00 

n=0 m=0 

From (3) and (9), we have 

L^J^^ a=0 ■' 
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In the special case x = 0, En,x,<i ~ ^n,x,qi^) called the n-th generated g-Euler 
number attached to x- 

It is known that the generalized Euler polynomials of order r are defined by 

(10) ( ^^-°!^^?'-'"' re-'^f:<(4. 

n=0 

for \t\ < f. 

We consider the ^-extension of (10). The generalized q'- Euler polynomials of order 
r attached to x ^tre defined by 

oo r 

mi,... ,mr=0 i=l 
°° in 

(11) =E^£L(^)!^' (see [14, 15]). 
Note that 



n=0 



limFWrt .) = ( 2E^Io(-l)"x(a)e-^ .. 
iim^^^^^t,x; ^ ^^^^^ ; . 



^a=0 

g^i y-^ ^ ' ' ^ ejt -\- 

By (11), we easily see that 

/-I 



/ — ttj^^.-.^ciT-' — — 1 



mi ,. . . ,m^=0 i=l 

For s e C, a; e M with x 7^ 0, —1, —2, . . . , we have 

mi,... ,mr-=0 

From (12), we can consider the Dirichlet's type multiple g-/-function as follows : 

Definition 4. For s & x & M. with x ^ 0, —1, —2, ... , we define the Dirichlet's 
type multiple q-l-function as 

«.,.!,)= [21; ± <-f' rTHt"" -^-^^^- 

^ Ni H \-mr + x\?, 

mi,... ,Tnr=0 y 

By Laurent series and the Cauchy residue theorem in (11) and (12), we obtain the 
following theorem. 

5 



Theorem 5. For n e Z+, we have 



lg{-n,x\x) = 

For /i e Z and r e N, we consider the extended r-ple q'-Euler polynomials. 

oo 

Fj^^''^\t,x) — [2]g ^ gEj=i('i-J+l)"ij (^_]^^E5'=i 'Tijg['THH hmr.+a;]g 

mi ,mr=(i 

(13) =E<^'w^. 

n=0 

Note that 

limFf-)(M) = (^re- = E^i^^(-);^- 

n=0 

From (13), we note that 



(14) =[2]^>: ("^ ' ' ^) {-q^-'-^'rim + xr^ 



m=0 ^ ^9 



By (14), we easily see that 

(15) Fj^^'^\t,x) = [2]l f^h^""^) (_^^-+i)-e[-+-]«*, (see [11, 13, 14]). 

Using the Mellin transform for Fq^'^\t,x), we have 

— / F^^\-t,xr-'dt 
^ K^J Jo 

(16) 

for s e C, a; e M with a; 7^ 0, —1, —2, Now we can define the extended 5-zeta 

function associated with E^^q\x). 
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Definition 6. For s e C, x e IR with x ^ 0,-1, —2, . . . , we define the (h, q)-zeta 
function as 

mi,... ,mr.=0 ■'y 



Note that C^} {s, x) is also a meromorphic function in whole complex s-plane. From 

(16) and (15), we note that 

(17) cfffex) = m-t (-+- ^)^(-,'.-.«r j-i-j,. 

Using the Cauchy residue theorem and Laurent series in (16), we obtain the following 
theorem. 

Theorem 7. For n G we have 

C^X-n,x) = Ei!^/\x). 

We consider the extended r-ple generalized g-Euler polynomials as follows : 

Fi':^\t,x) 



(18) 



g^^^=i^''~^'+^^'"^(-l)^^'=i'"^(nx(™i))e^'"'^"'"^'"'^^"'^^ 

mi,... ,mr=0 j—1 



n=0 

By (18), we see that 



(19) 

= ri^i/ij i: (-i)g- (fi x(%))9g=-"-^+""c:;;,(-n, " ). 

I- J?-'' ai,... ,ar.=0 j = l 



Therefore, we obtain the following theorem. 
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Theorem 8. For n e Z+, we have 



^ Jg-*^ ai,...,a^=0 j=l ■' 



ft; 



Prom (18), we note that 
^ ^ "^^'^ ^ „ [m, + ... + mr + xY^ 

mi,... ,mr=0 '■ ■'y 

where s G C, x G M with x 7^ 0, —1, —2, 

PYom (20), we define the Dirichlet's type multiple (/i, (/)-/-function associated with 
the generalized multiple g-Euler polynomials attached to x- 

Definition 9. For s E C, x E M with x ^ 0,-1,-2,..., we define the Dirichlet's 
type multiple q-l-function as follows : 



[mi H \-mr + x]^ 



Note that l^J'\s,x\x) is a meromorphic function in whole complex plane. It is easy 
to show that 



li^'Hs^xlx) 

By (19) and (20), we obtain the following theorem. 
Theorem 10. For n G we have 

ZW(-rz,x|x) = ^(S(^)- 



Finally, we give the g-extension of Barnes' type multiple Euler polynomials in (2). 
For x,ai, . . . ,ar G C with positive real part, let us define the Barnes' type mutiple 
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Qf-Euler polynomials in C as follows : 
F^''\t,x\ai,. . . ,ar;bi,... ,br) 



(21) 



= [2]^ ^ ^ (_2)'^i"' \-Tnr q{bi + l)mi-\ |-(6r+l)'Tirg[ai»TiiH \-armr+x]t 

mi,... ,mr=0 



= XI • • • ,(^r;bi,... ,br) 



n=0 



where 61, . . . ,br € By (21), we see that 

,ar;bi,... ,br) 
\-K ^(n\ (-l)'g'- 

(1 - V/ (1 + ?'«1+^1+1) • • • (1 + g'«r-+6. + l) 

00 

= [2]g Yl (-l)^^+-+^rqibi+i)rm+..-+ibr+i)mr. [^^^^ + . . . + a^m^ + 

mi,... ,m.r=0 

From (21), we note that 

1 /""^ 

— - / F^''\-t,x\ai,... ,ar;bi,... ,br)t'-'^dt 
^ {^) Jo 

00 

(22) = [2]^ Yl 



(^ — g^'^lH hm,. ^6imiH hfcr-TOr 

„ [aimi H h Ormr + x]^ 

mi,... ,mr=0 ■'y 



By (22), we define the Barnes' type multiple g-zeta function as follows : 
Cq^r{s,x\ai,... ,ar;bi,... ,br) 

°° \-mrnhimi-\ \-hrmr- 

_ \^ ^ ^' - 

^ ^ „ \a\m\-\ \-armr-\-xYa 

mi,... ,mr=0 ' ' 

where s G C, x G M with x ^ 0, -1, -2, . . . . By (21), (22) and (23), we obtain the 
following theorem. 

Theorem 11. For n e Z+, we have 

Cq,r{s,x\ai,... ,ar;bi,... ,br) = E^^^l{x\ai, . . . ,ar\bi,... ,br). 



Let X be the Dirichlet's character with conductor / G N with / = 1 (mod 2). Then 
the generalized Barnes' type multiple qf-Euler polynomials attached to x ^-^e defined 

9 



by 



F^l^{t,x\ai, ... ,ar]hi,... ,br) 
(24) 

oo r 

= [2]^ y ^ { — q)^^'^ hmr-gbimiH '"'''''^^ ( t^^ttj^^^c'"^"^^'' \-armr+x]qt 

mi,... ,mr=0 i=l 



oo 



^ -f-n 



n=0 

From (24), we note that 



77.! 



1 /"°° 

/ i^q^^(-^,a:;|ai,--- ,cir;6i,... ,6r)^'*~"^<^i 
{^) Jo 

\-mr qbimi-\ \-brmr 

[aimi + • • • + ttrrrir + x]^ 



r( 

mi,... ,mr=0 

By (25), we can define Barnes' type multiple ^-/-function in C. For s G C, a; G M with 
X ^ 0, —1, —2, . . . , let us define the Barnes' type multiple ^'-/-function as follows : 

l^''\s,x\ai,... ,ar;bi,... ,br) 

(26) =\2V V (-g)-^+-+--g^^-"^+-+^-"-'-(nLiXK)) 

'mi,.^m.=o [a^nH + ... + armr + xY^ 

Note that li^\s, x\ai, . . . , ttr', bi, . . . , br) is a meromorphic function in whole complex 
s-plane. By (24), (25) and (26), we easily see that 

l'^''\-n,x\ai,... ,ar;bi,... ,br) = E^}^^g{x\ai, . . . ,ar;bi,... ,br) 

for n G Z+, (see [1-18]). 
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